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Outline

• Microstructure: The breakdown of Drucker’s postulates 
of classical plasticity.

• Non-convex plasticity: Beyond Drucker.
• Non-local regularization: Scaling and size effect.
• Validation: Predictions of the theory:

– Dipolar dislocation walls in fatigued single crystals
– Cold-rolled polycrystals:

• Misorientation angle distributions, evolution
• Lamellar size distributions, evolution

• Direct numerical simulation of microstructure: Subgrid
implementation.
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Subgrain dislocation structures - Fatigue

Labyrinth structure in fatigued
copper single crystal
(Jin and Winter, 1984)

Nested bands in copper single crystal
fatigued to saturation 

(Ramussen and Pedersen, 1980)

Dipolar dislocation walls
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Subgrain dislocation structures - Static
Dislocation walls

90%  cold rolled Ta (Hughes and Hansen, 1997)



Michael Ortiz
GAMM 2002

Subgrain dislocation structures - Shock
Dislocation walls

Shocked Ta (Meyers et al., 1995)
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Subgrain dislocation structures

• Dislocation structures are universally observed in 
single crystals under a variety of conditions, including:
– Fatigue in specimens oriented for multiple slip
– Large monotonic deformations
– Shock loading

• Objective: To develop a theory which 
– Accounts for dislocation structures
– Predicts macroscopic effective behavior, including: 

• Scaling (e.g., Taylor hardening)
• Size effects (e.g., Hall-Petch scaling)

– Can be integrated into large-scale numerical simulations
• Basic strategy: Formulate problem in variational form, 

use tools from modern calculus of variations.
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Viscoplasticity – Initial BVP
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Variational Constitutive Updates
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Incremental Variational Problem
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Classical plasticity



Michael Ortiz
GAMM 2002

Strong latent hardening
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Non-convex plasticity
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Incremental energy landscape
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Patchy slip

(Saimoto, 1963)

(Ramussen and Pedersen, 1980)

(Jin and Winter, 1984)
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The constrained/regularized theory
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Relaxed incremental problem
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Sequential laminates
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Laminates - Numerical implementation
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Laminates – Numerical implementation

branching

pruning
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Microstructure-size calculation
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Indentation of Cu-Al-Ni - Unrelaxed
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Indentation of Cu-Al-Ni - Relaxed
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Indentation of Cu-Al-Ni
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Validation – Cold rolled polycrystalline Al
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Validation – Cold rolled polycrystalline Al

(Hughes et al., 1997)
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Validation – Cold rolled polycrystalline Al

(Hughes et al., 1997)
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Validation – Cold rolled polycrystalline Ni

(Godfrey and Hughes,
2000)
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Validation – Cold rolled polycrystalline Ni

(Hughes and Hansen, 1993)
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Summary and concluding remarks
• The incremental IBVP of finite-deformation single-crystal plasticity may 

be reduced to a sequence of minimization problems by recourse to 
variational constitutive updates

• For crystals with strong latent hardening the work-of-deformation 
functional is non-convex, which promotes fine microstructure

• Relaxation (probably) requires consideration of sequential laminates of 
finite depth only

• Multiscale approach:
– Finite elements endowed with effective behavior, no enhancement
– Effective behavior computed by lamination algorithm at Gauss points

• Theory predicts:
– Dipolar walls in fatigued fcc crystals (Ortiz and Repetto, JMPS, 1999)
– Hall-:Petch scaling (Ortiz et al., JMPS, 2001).
– Misorientation and spacing data (Aubry and Ortiz, Proc. Roy. Soc. 

London, submitted for publication).
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