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Outline

Microstructure: The breakdown of Drucker’s postulates
of classical plasticity.

Non-convex plasticity. Beyond Drucker.
Non-local reqularization: Scaling and size effect.

Validation: Predictions of the theory:
— Dipolar dislocation walls in fatigued single crystals

— Cold-rolled polycrystals:
« Misorientation angle distributions, evolution
 Lamellar size distributions, evolution

Direct numerical simulation of microstructure: Subgrid
Implementation.
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Subgrain dislocation structures - Fatigue

Dipolar dislocation walls
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Labyrinth structure in fatigued
copper single crystal
(Jin and Winter, 1984)

Nested bands in copper single crystal
fatigued to saturation — >
(Ramussen and Pedersen, 1980)
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Subgrain dislocation structures - Static

Dislocation walls
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Subgrain dislocation structures - Shock

Dislocation walls

Shocked Ta (Meyers et al., 1995)
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Subgrain dislocation structures

Dislocation structures are universally observed in
single crystals under a variety of conditions, including:
— Fatigue in specimens oriented for multiple slip
— Large monotonic deformations
— Shock loading

Objective: To develop a theory which
— Accounts for dislocation structures
— Predicts macroscopic effective behavior, including:

» Scaling (e.g., Taylor hardening)
« Size effects (e.q., Hall-Petch scaling)

— Can be integrated into large-scale numerical simulations

Basic strategy: Formulate problem in variational form,
use tools from modern calculus of variations.
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Viscoplasticity — Initial BVP

e Body Q C R3, mapping y : 2 x [tg,tf] — R>.
e A(F, FP, ~) = Free-energy density.

e Flowrule: FPFP~1 =¥ 4% Q@ m®.

e Conjugacy: A =P -6F —-Y - 6.

e (Y ) = Kinetic potential.

¢ [nitial Boundary-Value problem: For ¢t > 0O,

inf A(Dy, FP ~) + forcing terms
yeX JQ

¥ =oy(Y(Dy, FP,7y)), Yz eQ
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Variational Constitutive Updates

e Discretize time: tg, ..., tn, tp41 = tn + AL, ...

e Incremental work-of-deformation density:

t, )
Wn(Fpyq1) = inf [ P.Fat
paths Jt,,

e Alternatively: Fﬁ—|—1 = exp {Z Ay¥s™ ® ma} F7
87

A~y
Whn(F = inf A — A ANt * | —=
’fl( n—|—1> 7n+127n{ n+1 n + ¢ (At)}

oWn

= F
n—+1 8Fn—|—1( n—I—l)

e Fundamental property: | P
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Incremental Variational Problem

e Incremental work functional:

Inly,41] = /Q Wn(Dy,,41) dz + forcing terms

e Incremental variational problem:

e Euler-Lagrange equations:

ol = /Q P, 41 Ddy,41dr+ forcing terms = O

= weak form of equilibrium equations.
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Classical plasticity

e Linearized kinematics, € = €€+ €P,
ez_l_l =€l 4+ ) Ay¥sym(s® ® m?)
8%

e Incremental work-of-deformation density: Wi, (€,41) =

inf {W€<ez+1> FWP(y,0q) + At (ﬁ) }

Y < Y
e Drucker’s second postulate: Convex! I
e Drucker’s first postulate: Convex!

o Convexity = inf Ip|u,,4 1] is attained, minimizer
is unique = NO MICROSTRUCTURE!
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Strong latent hardening
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Non-convex plasticity

e Incremental work-of-deformation density: Wi, (F,,4+1) =

. AN
e p
%JIFFIH;% {\W (Fr11) + WP(vp41) + Aty” (At)}

—
QUASI-CONVEX NON-CONVEX! CONVEX
O2WP O2WP
Oy oyP > Oy Hye’

AN VAN

e Strong latent hardening: -

o7 P

e Non-quasiconvexity of Wi (F,,4+1) = Inly,41]
lacks (weak) lower semi-continuity = inf In[y,, 1]
is not attained = MICROSTRUCTURE!
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Incremental energy landscape

e Example: FCC crystal deforming on (110)-plane
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Patchy slip
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e Latent hardening: “These results prove the reality of
latent-hardening, in the sense that the slip lines of one
system experience difficulty in breaking through the active
slip lines of the other one” (Piercy, G. R., Cahn, R. W,

and Cottrell, A. H., Acta Metallurgica, 3 (1955) 331-338).
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The constrained/regularized theory

e [nfinite latent hardening = local single slip.
e Flow rule: Ffz_H = (I + Av*s® @ m*) FF,
e Incremental work-of-deformation density: Wi, (F,,41) =

inf {We(F 11) T WP(yp41) + Aty7 <A7>}

Y1 > X
(s%,m?)
e Incremental problem: inf Inlypn+1l, where

yn—l—lewl’oo(Q)

Inlyn,4+1] = /Q {Wn(Dyn+1) -+

—|curIF 1|
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Relaxed incremental problem

e Relaxed problem: inf / QWn(Dy ) dx
P Yp 1 EWHO(R2) /2 ; nr
where
1 .
QWR(Fn—I—l) = — inf In[Fn_l_]_CB —|—’U,]

Bl wew > (g)

e Relaxed energy density: Minimum energy density
attainable by considering all microstructures

e No constructive method is known for relaxing gen-
eral energy densities = Special microstructures.
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Sequential laminates

e Special microstructures: Sequential laminates.

l4 -

"
Sequential laminate « » Graph G of laminate

e Compatibility: F;t — F7 = a; ® N;
e Averaging: F'; = A, F, + AZ'"F;"
g 1= )\Z-_ + )\;I_ Michael Ortiz
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Laminates - Numerical implementation

e Laminate energy af fixed G-

GWin(Frpq1) = > vyWa(F))
leaves
where v; = volume-fraction of leaf [.

e Laminate equilibrium at fixed G. 6GW,, =0 =
- Tractions: [P;]] - N; =0
- Configurational forces: [W;]] — (P;) - [F;]] = O

- Configurational torques: a; - [P;]] x N; =0
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Laminates — Numerical implementation

@ @ branchir%

(F:) @@G

pruning

e Rules for evolving the laminate graphs G-
- Accept branching iff it lowers laminate energy.

- Prune a subtree if its volume fraction goes to O.
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Microstructure-size calculation

e Minimize non-local energy:

T o v
pNL — /Q €|curIFfb+1\ dx 4+ misfit energy
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Indentation of Cu-Al-Ni - Unrelaxed
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Indentation of Cu-Al-Ni - Relaxed
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Indentation of Cu-Al-Ni
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Validation — Cold rolled polycrystalline Al

Nl
\ deformed small

elongated grains  grains

large grains

e Lattice rotation: F = F°FP, F¢ = R°U¥®

e Relative rotation across walls: R = R°T(R¢ )1
e Misorientation angle: 6 = angle(R)

o Lamellar width: [

e Calculations done for F' = diag{1/A, A, 1}, and

1000 random initial crystal orientations. Michael Ortiz
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Validation — Cold rolled polycrystalline Al
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Validation — Cold rolled polycrystalline Al

average angle

10F

L J Numerical tests
Experimental fit

(Hughes et al., 1997)
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Average misorientation angle vs von Mises strain
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Validation — Cold rolled polycrystalline Ni
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Validation — Cold rolled polycrystalline Ni
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Summary and concluding remarks

The incremental IBVP of finite-deformation single-crystal plasticity may
be reduced to a sequence of minimization problems by recourse to
variational constitutive updates

For crystals with strong latent hardening the work-of-deformation
functional is non-convex, which promotes fine microstructure

Relaxation (probably) requires consideration of sequential laminates of
finite depth only
Multiscale approach:

— Finite elements endowed with effective behavior, no enhancement

— Effective behavior computed by lamination algorithm at Gauss points
Theory predicts:

— Dipolar walls in fatigued fcc crystals (Ortiz and Repetto, JMPS, 1999)

— Hall-:Petch scaling (Ortiz et al., JIMPS, 2001).

— Misorientation and spacing data (Aubry and Ortiz, Proc. Roy. Soc.
London, submitted for publication).
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