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Figure 7. Indentation of a hyperelastic block by a circular rigid punch, initial mesh: (a) deformed
configuration and (b) stored-energy distribution.

Figure 8. Indentation of a hyperelastic block by a circular rigid punch. Final meshes after: (a) unconstrained
variational h-adaption; (b) constrained variational h-adaption using RIVARA’s LEPP algorithm; and
(c) unconstrained variational hr-adaption.

the solution. In consequence, at any given depth of indentation it inserts a larger number of nodes
than the remaining algorithms. By contrast, unconstrained 4 and hr-adaption results in highly
anisotropic and directional meshes that trace the fine structure of the energy-density field.

Figure 9 compares the energy convergence behaviour of the three methods. As may be seen from
this comparison, hr-adaptivity results in appreciable but modest gains in the rate of convergence
relative to h-adaptivity. In addition, both 4 and hr-adaptivity handily out-perform constrained
h-adaptivity. For instance, a 676-node unconstrained /-adaption solution has lower energy than a
uniformly refined discretization having 9721 nodes. If, in addition, r-adaption is allowed for the
size of the mesh can be further reduced to 491 nodes at no increase in energy. These performance
differentials, similar to those observed in the notched specimen example, provide compelling
demonstration of the fact that element aspect ratio does not correlate well with performance in
problems exhibiting strong directionality in the energy-density field.
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Figure 9. Indentation of a hyperelastic block by a circular rigid punch. Convergence in energy resulting
from: unconstrained variational h-adaption; constrained variational /-adaption using RIVARA’s LEPP
algorithm; unconstrained variational Ar-adaption; and uniform mesh refinement.

4.3. Indentation of an elastic—plastic block

Finally, we demonstrate the applicability of the variational approach to inelastic materials by
considering the problem of indentation of an elastic—plastic block by a rigid circular punch.
The problem is identical in every way to that treated in the preceding section with the sole
exception that the material is now assumed to obey multiplicative J>-flow theory of plasticity.
As discussed in Section 2.2, a time discretization using variational constitutive updates [5, 6]
confers the incremental problem a variational structure identical to that of a hyperelastic problem.
In particular, the deformation mapping at time #,4; minimizes an incremental potential energy
defined in terms of an effective strain-energy density that encodes both the elastic and the inelastic
behaviour of the material. In this setting, variational A#-adaptivity consists of optimizing the mesh
at every time step with respect to the incremental potential energy. In particular, for any given
time step the variational k-adaptivity solution procedure is identical to that pertaining to an elastic
problem.

The maximum depth of indentation considered in the calculations is of 0.02m. All meshes
consist of 10-node quadratic tetrahedral elements. For definiteness, in calculations we assume:
Hencky-elastic behaviour in terms of logarithmic elastic strains (e.g. [6, 29, 30]); rate-independent
behaviour; and power-law hardening of the form (cf. e.g. [6,29])

n0'08p P (n+1)/n
WP(eP)=—2 |1+ (= 22
@) 1[()} @)

&

where ¢P is the effective Mises plastic strain; o is a flow stress; sg is a reference effective
plastic strain; and n is the hardening exponent. The material parameters used in calculations
are summarized in Table 1. The state variables are assumed to be piecewise constant over the
VORONOI cells defined by the quadrature points. Upon bisection, the internal variables are
remapped to the new mesh by means of the variational transfer operator of [31]. By the use
of piecewise-constant interpolation, the consistent transfer operator according to [31] simplifies
greatly. More precisely, the history variables at a newly inserted GAUSS point equal those of the
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Table 1. Indentation of an elastic—plastic block: material

parameters.
E (kN/m?) v oo (KN/m?) & n
200 0.2 1.0 0.5-1073 10

{<h

Figure 10. Indentation of an elastic—plastic block. Distribution of effective plastic strain
&P: (a) two uniform refinement steps; (b) unconstrained /-adaption; and (c) constrained
h-adaption using RIVARA’s LEPP algorithm.

closest old quadrature point. As already mentioned in [5], this method guarantees that internal
constraints such as det FP =1 are preserved.

As in the previous examples, two different adaptive computations are performed: unconstrained
variational A-adaption; and constrained variational #-adaption using RIVARA’s LEPP algorithm
to maintain an upper bound on the aspect ratio of the elements. In addition, two uniform refinement
steps are evaluated by way of baseline. The distribution of the effective plastic strain &P is shown
in Figure 10. Figure 10(a) shows a mesh generated by applying two uniform refinement steps to
the initial discretization of Figure 6. The meshes in Figures 10(b) and (c) are the result of the
unconstrained and constrained variational h-adaption schemes, respectively. As in the preceding
examples, the contrast between the unconstrained and constrained adaption schemes is clearly
evident in Figures 10(b) and (c). Thus, the unconstrained variational A-adaption strategy results
in a highly anisotropic and localized mesh that is in sharp contrast to the isotropic and diffuse
mesh produced by the constrained strategy. In particular, the unconstrained mesh traces a slip cone
that separates the triaxial plug under the indentor from the matrix. The elements tiling the slip
cone are flat and elongated, with the result that the entire slip-cone mechanism is represented with
a modicum of degrees of freedom. The corresponding plastic strain field is highly localized to
the slip cone, and elastic unloading occurs elsewhere. By way of contrast, the constrained plastic
strain field is diffuse and does not show signs of localization. This excessive numerical diffusion
effectively eliminates all traces of the slip cone and results in an artificially smooth plastic strain
distribution.

The various load—displacement diagrams are collected in Figure 11 for ease of comparison.
As expected, the coarse discretizations overestimate the indentation load and stiffness. Uniform
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Figure 11. Indentation of an elastic—plastic block. Load-displacement diagrams obtained from: initial mesh
(uniform 0); two uniform refinement steps (uniform 1 and 2); and variational /-adaption.

refinement progressively relaxes the predicted response, but an overly stiff response remains even
at the finest level of refinement. By contrast, the adaptive solutions predict a clear failure load, with
the most compliant response corresponding to the unconstrained solution. However, a certain lag is
observed initially in the adaptive solutions, which results from the gradual way in which refinement
is introduced. Control over this lag can be exerted through the choice of energy tolerance u..

5. SUMMARY AND CONCLUDING REMARKS

We have developed a variational h-adaption strategy in which the evolution of the mesh is driven
directly by the governing minimum principle. This minimum principle varies according to the
physical nature of the problem, e.g. the principle of minimum potential energy in the case of
elastostatics. In problems involving inelastic behaviour minimum governing principles for the
incremental static problem can be obtained by recourse to time discretization. Meshes are adapted
by the recursive application of edge-bisection operations. In particular, an edge is bisected when the
resulting energy or incremental pseudo-energy released exceeds a certain threshold value. In order
to avoid global recomputes, we estimate the local energy released by mesh refinement by means of a
lower bound obtained by relaxing a local patch of elements. This bound can be computed locally,
which reduces the complexity of the refinement algorithm to O(N). Variational h-refinement
can be additionally combined with variational r-refinement to obtain a variational Ar-refinement
algorithm. Our numerical tests show that variationally adapted meshes are highly anisotropic and
directional, and oriented themselves according to the gradients in the energy-density field. We also
show that variational #-adaption outperforms other refinement strategies based on aspect ratio or
other purely geometrical measures of mesh quality. The versatility and rate of convergence of the
resulting approach has been demonstrated by means of selected numerical tests.

It is remarkable that anisotropic mesh refinement arises spontaneously, without recourse to
empirical rules, as a result of variational 4 adaption. The resulting elements, while optimal in an
energy sense, are highly elongated or flattened, and supply varying degrees of spatial resolution
in different directions. The ability to resolve sharp gradients in one direction without excessive
mesh refinement in the remaining directions is of critical importance for dealing efficiently with
features such as slip surfaces and shear bands. Indeed, in these cases isotropic mesh refinement
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inevitably leads to rapid growth of the problem size. More troubling yet, isotropic mesh adaption
tends to be overly diffusive, thereby inhibiting strain localization and resulting in artificially smooth
solutions. It is within this context, where purely geometrical element-quality measures fall short,
that variational #-adaption is expected to be most effective.
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