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prohibitively expensive to solve except for a few electron system, and various approaches
have been developed to overcome this complexity. Most popular amongst them is the
density functional theory (DFT) based on the work of Hohenberg and Kohn (1964) and
Kohn and Sham (1965). This provides a rigorous reformulation of Schrödinger’s equation
of an N-electron system into a problem of estimating the wave functions and
corresponding energies of an effective single electron system. While this approach is
exact, it is stated in terms of an unknown exchange and correlation functional and requires
an expensive evaluation of the kinetic energy functional. While one can evaluate the
exchange and correlation functionals self-consistently, this is expensive and it is common
to use an approximate formulation. Similarly it is common to use an approximation for the
kinetic energy and this is often referred to as orbital-free DFT. We refer the reader to
Finnis (2003) and Parr and Yang (1989) for a detailed description and discussion.
Irrespective of whether one is using the Kohn–Sham or the orbital-free approach, one

would have to solve the equations in a suitable basis. The plane-wave basis is the most
popular, and it lends itself to a computation of the electrostatic interactions naturally using
Fourier transforms. However, the plane-wave basis has some very notable disadvantages.
Most importantly, it requires periodic boundary conditions and this is not appropriate for
various problems of interest in materials science, especially defects. Therefore, it is
common to artificially consider periodic arrays of defects. Second, a plane-wave basis
requires the evaluation of Fourier transforms which affect the scalability of parallel
computation. Third, the plane-wave basis functions are non-local in the real space, thus
resulting in a dense matrix which limits the effectiveness of iterative solutions. This in turn
makes it very tricky to embed this in multi-scale approaches which often use real-space
formulations to deal with realistic boundary conditions. Although plane-wave basis has
been the preferred choice in this area, recently there have been efforts at performing
density functional calculations using a finite-element basis in a periodic setting (Pask et al.,
1999). Other real-space approaches include GAUSSIAN (Hehre et al., 1969), FPLMTO
(Wills and Cooper, 1987), SIESTA (Soler et al., 2002), ONETEP (Skylaris et al., 2005) and
CONQUEST (Bowler et al., 2006) based on specific orbital ansatz or tight-binding.
In this paper, we provide a real-space formulation for orbital-free DFT and develop a

finite-element method for computing this formulation. In the body of the paper, we confine
ourselves to the Thomas–Fermi–Weizsacker kinetic energy functional (Parr and Yang,
1989; Thomas, 1927; Fermi, 1927) for clarity. However, we show in the Appendix how our
approach can be extended to the more recent and accurate kernel kinetic energy functionals
(Wang et al., 1998, 1999; Smargiassi and Madden, 1994; Wang and Teter, 1992).
An important difficulty in using a real-space formulation is that electrostatic interactions

are extended in real-space. So we reformulate the electrostatics as a local variational
principle. This converts the problem of computing the ground state energy to a saddle-
point variational problem with a local functional in real space. We show that this problem
is mathematically well-posed by proving existence of solutions (Theorem 5).
Since our formulation is local and variational, it is natural to discretize it using the finite-

element method. In doing so, we exploit an advantage of the saddle-point formulation and
use the same mesh to resolve both the electron density and the electrostatic potential.
We prove the convergence of the finite-element approximation, including numerical
quadratures, using the mathematical technique of G-convergence. This is a notion
of convergence of functionals introduced by De Giorgi and Franzoni (1975) (also see
Dal Maso, 1993 for a detailed introduction) that has recently been used in a variety of
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multi-scale problems. In our context, consider a sequence of finer and finer finite-element
approximations. These generate a sequence of functionals, and we show that this sequence of
functionals G-converge to the exact functional associated with our real-space formulation.
While the exact definition is technical, G-convergence states in spirit that solutions of the
sequence of approximate functionals converge to the solution of the exact functional.

Having proved the convergence of our finite-element method, we turn to its numerical
implementation. This requires care since the electron densities and electrostatic potential
are localized near the atomic cores and are convected as the atomic positions change.
Consequently a fixed spatial mesh would be extremely inefficient as we alternate between
relaxing the electron density and atomic positions. Therefore, we design a mesh which
convects with the atomic position and obtain efficient convergence.

We demonstrate our approach using three sets of examples. The first set of examples are
atoms. We begin with a hydrogen atom for which an analytic solution of Schrödinger’s
equation is known, and also consider other heavier atoms. The second set of examples are
nitrogen and carbon-monoxide molecules, for which there are numerous careful
calculations. Our results show reasonable agreement for binding energies with experiments
and other calculations; however, the computed bond lengths are rather poor. These errors
are the well-recognized consequence of the use of orbital-free kinetic energy functional in
these covalent dimers, rather than our formulation and numerical method. The third set of
examples is a series of aluminum clusters ranging from 1 unit face-centered-cubic (fcc) cell
to 9� 9� 9 unit cells (3730 atoms), and these demonstrate the efficacy and advantages of
our approach. Being clusters, they possess no natural periodicity and thus are not
amenable to plane-wave basis. Second, since the boundaries of the clusters satisfy
physically meaningful boundary conditions, it is possible to extract information regarding
the scaling of the ground state energy with size. Third, the finite-element method allows
one to use unstructured discretization concentrating numerical effort in regions where and
only it is necessary with ease and little loss of accuracy. Further, it allows us to adapt the
discretization to each atomic position.

This framework is developed with a larger goal in mind, which is to coarse-grain DFT in a
seamless atomistic-continuum formulation. Such a formulation is necessary to accurately
study defects in solids like vacancies, dislocations and cracks where the local structure and
long range elastic fields interact in a non-trivial manner. We believe that a local, variational,
real-space formulation is a step towards that goal. A further goal is to extend our approach to
the exact Kohn–Sham DFT setting. These are the subjects of current research.

The remainder of the paper is organized as follows. Section 2 describes the formulation.
Section 3 collects the important mathematical properties of this functional. Sections 4 and
5 discuss the convergence of the finite-element approximation. Section 6 describes the
implementation and Section 7 the examples. We conclude in Section 8 with a short
discussion. We have tried to keep the sections on the mathematical analysis and the
numerical implementation self-contained so that a reader interested in the former can
focus on Sections 3–5 while a reader interested in the latter can focus on Sections 6 and 7.

2. Formulation

The ground state energy in DFT is given by (cf. e.g., Finnis, 2003; Parr and Yang, 1989)

Eðr;RÞ ¼ TsðrÞ þ ExcðrÞ þ EHðrÞ þ Eextðr;RÞ þ EzzðRÞ, (1)
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where r is the electron density, R ¼ fR1; . . . ;RMg collects the nuclear positions in the
system and the different terms are explained presently.

Ts is the kinetic energy of non-interacting electrons. A common choice of this is the
Thomas–Fermi–Weizsacker family of functionals, which have the form

TsðrÞ ¼ CF

Z
O
r5=3ðrÞdrþ

l
8

Z
O

jrrðrÞj2

rðrÞ
dr, (2)

where CF ¼
3
10
ð3p2Þ2=3, l is a parameter and O contains the support of r (crudely the

region where r is non-zero). Different values of l are found to work better in different
cases (Parr and Yang, 1989). l ¼ 1 is the Weizsacker correction and is suitable for rapidly
varying electron densities, l ¼ 1

9
gives the conventional gradient approximation and is

suitable for slowly varying electron densities, l ¼ 1
6
effectively includes the fourth order

effects and l ¼ 0:186 was determined from analysis of large atomic-number limit of atoms.
This class of functionals makes computations of large and complex systems tractable,
though it does have limitations and improvements have been proposed (Wang et al., 1998,
1999; Smargiassi and Madden, 1994; Wang and Teter, 1992). We confine our attention to
the Thomas–Fermi–Weizsacker family of functionals (2) now for clarity. However, we
explain in the Appendix that our approach can be extended to include the improved
functionals.

Exc is the exchange-correlation energy. We use the local density approximation (LDA)
(Ceperley and Alder, 1980; Perdew and Zunger, 1981) given by

ExcðrÞ ¼
Z
O
�xcðrðrÞÞrðrÞdr, (3)

where �xc ¼ �x þ �c is the exchange and correlation energy per electron given by

�xðrÞ ¼ �
3

4

3

p

� �1=3

r1=3, (4)

�cðrÞ ¼

g
1þ b1

ffiffiffiffi
rs
p
þ b2rs

; rsX1;

A log rs þ Bþ Crs log rs þDrs; rso1;

8<
: (5)

where rs ¼ ð3=4prÞ
1=3. The values of the constants are different depending on whether the

medium is polarized or unpolarized. The values of the constants are gu ¼ �0:1471, b1u ¼

1:1581, b2u ¼ 0:3446, Au ¼ 0:0311, Bu ¼ �0:048, Cu ¼ 0:0014, Du ¼ �0:0108, gp ¼ �0:079,
b1p ¼ 1:2520, b2p ¼ 0:2567, Ap ¼ 0:01555, Bp ¼ �0:0269, Cp ¼ 0:0001, Dp ¼ �0:0046.
The last three terms in the functional (1) are electrostatic:

EHðrÞ ¼
1

2

Z
O

Z
O

rðrÞrðr0Þ
jr� r0j

drdr0, (6)

Eextðr;RÞ ¼
Z
O
rðrÞV extðrÞdr, (7)

EzzðRÞ ¼
1

2

XM
I¼1

XM
J¼1
JaI

ZI ZJ

jRI � RJ j
. (8)
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EH is the classical electrostatic interaction energy of the electron density also referred to as
Hartree energy, Eext is the interaction energy with external field, V ext, induced by nuclear
charges and Ezz denotes the repulsive energy between nuclei.

The energy functional (1) is local except for two terms: the electrostatic interaction
energy of the electrons and the repulsive energy of the nuclei. For this reason, evaluation of
the electrostatic interaction energy is the most computationally intensive part of the
calculation of the energy functional. Therefore, we seek to write it in a local form. To this
end, we first regularize the point nuclear charge ZI at RI with a smooth function ZIdRI

ðrÞ

which has support in a small ball around RI and total charge ZI . We then rewrite the
nuclear energy as

EzzðRÞ ¼
1

2

Z
O

Z
O

bðrÞbðr0Þ

jr� r0j
drdr0, (9)

where bðrÞ ¼
PM

I¼1ZIdRI
ðrÞ. Notice that this differs from the earlier formulation by the

self-energy of the nuclei, but this is an inconsequential constant depending only on
the nuclear charges. Second, we replace the direct Coulomb formula for evaluating the
electrostatic energies with the following identity

1

2

Z
O

Z
O

rðrÞrðr0Þ
jr� r0j

drdr0 þ

Z
O
rðrÞV extðrÞdrþ

1

2

Z
O

Z
O

bðrÞbðr0Þ

jr� r0j
drdr0

¼ � inf
f2H1ðR3Þ

1

8p

Z
R3

jrfðrÞj2 dr�
Z
R3

ðrðrÞ þ bðrÞÞfðrÞdr
� �

, ð10Þ

where we assume that r 2 H�1ðR3Þ. Briefly, note that the Euler–Lagrange equation
associated with the variational problem above is

�1

4p
Df ¼ rþ b. (11)

These have an unique solution

fðrÞ ¼
Z
O

rðr0Þ
jr� r0j

dr0 þ

Z
O

bðr0Þ

jr� r0j
dr0 ¼

Z
O

rðr0Þ
jr� r0j

dr0 þ V ext. (12)

Substituting this into the variational problem and integrating by parts gives us the desired
identity.

This identity (10) allows us to write the energy functional in the local form,

Eðr;RÞ ¼ sup
f2H1ðR3Þ

Lðr;R;fÞ, (13)

where we introduce the Lagrangian

Lðr;R;fÞ ¼ CF

Z
O
r5=3ðrÞdrþ

l
8

Z
O

jrrðrÞj2

rðrÞ
drþ

Z
O
�xcðrðrÞÞrðrÞdr

�
1

8p

Z
R3

jrfðrÞj2 drþ
Z
R3

ðrðrÞ þ bðrÞÞfðrÞdr. ð14Þ

The problem of determining the ground-state electron density and the equilibrium
positions of the nuclei can now be expressed as the minimum problem

inf
r2H�10 ðOÞ; R2R

3M
Eðr;RÞ (15a)
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subject to

rðrÞX0, (15b)

Z
O
rðrÞdr ¼ N, (15c)

where N is the number of electrons of the system. Equivalently, the problem can be
formulated in the saddle-point form

inf
r2H�10 ðOÞ; R2R

3M
sup

f2H1ðR3Þ

Lðr;R;fÞ (16a)

subject to

rðrÞX0, (16b)

Z
O
rðrÞdr ¼ N. (16c)

The constraint of rX0 can be imposed by making the substitution

r ¼ u2, (17)

which results in the Lagrangian

Lðu;R;fÞ ¼ CF

Z
O

u10=3ðrÞdrþ
l
2

Z
O
jruðrÞj2 drþ

Z
O
excðu2ðrÞÞu2ðrÞdr

�
1

8p

Z
R3

jrfðrÞj2 drþ
Z
R3

ðu2ðrÞ þ bðrÞÞfðrÞdr ð18Þ

and the energy

Eðu;RÞ ¼ sup
f2H1ðR3Þ

Lðu;R;fÞ. (19)

With this representation, the minimum problem (15) becomes

inf
u22H�10 ðOÞ; R2R

3M
Eðu;RÞ (20a)

subject toZ
O

u2ðrÞdr ¼ N (20b)

and the saddle-point problem (16) becomes

inf
u22H�10 ðOÞ; R2R

3M
sup

f2H1ðR3Þ

Lðu;R;fÞ (21a)

subject toZ
O

u2ðrÞdr ¼ N. (21b)

The preceding local variational characterization of the ground-state electronic structure
constitutes the basis of the finite-element approximation schemes described subsequently.
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3. Properties of the DFT variational problem

We begin by establishing certain properties of the DFT variational problem that
play a fundamental role in the analysis of convergence presented in the sequel. To keep
the analysis simple we treat the electrostatics on a large but bounded domain with
compact support. To this end, we consider energy functionals E : W 1;pðOÞ ! R of the
form

EðuÞ ¼

Z
O

f ðruÞdrþ

Z
O

gðuÞdrþ JðuÞ,

JðuÞ ¼ � inf
f2H1

0ðOÞ

1

2

Z
O
jrfj2 dr�

Z
O
ðu2 þ bðrÞÞfdr

� �
,

where O is an open bounded subset of RN , with qO Lipschitz continuous. bðrÞ is a smooth,
bounded function in RN . We assume:
(i)
 f is convex and continuous on RN .

(ii)
 f satisfies the growth condition, c0jcjp � a0pf ðcÞpc1jcjp � a1, 1opo1, where

c0; c1 2 Rþ, a0; a1 2 R.

(iii)
 g is continuous on R.

(iv)
 g satisfies the growth condition, c2jsj

q � a2pgðsÞpc3jsj
q � a3, qXp, where c2; c3 2 Rþ,

a2; a3 2 R.
Let F : W 1;pðOÞ ! R and G : W 1;pðOÞ ! R be functionals defined by

F ðuÞ ¼

Z
O

f ðruÞdr; GðuÞ ¼

Z
O

gðuÞdr.

We note that the growth conditions imply, jf ðcÞjpcð1þ jcjpÞ and jgðsÞjpcð1þ jsjqÞ.
Hence, it follows that, F ðuÞ is continuous in W 1;pðOÞ and GðuÞ is continuous in LqðOÞ, cf.
e.g., Braides (2002, Remark 2.10).

Let X ¼ fuju 2W 1;pðOÞ; kukL2ðOÞ ¼ 1g with norm induced from W 1;pðOÞ. Let, 1=p� ¼

1=p� 1=N.

Lemma 1. X is closed in the weak topology of W 1;pðOÞ if p�42.

Proof. We can rewrite X as X ¼W 1;pðOÞ \ K , where K ¼ fu 2 L2ðOÞjkukL2ðOÞ ¼ 1g. Let
ðuhÞ 2 X , uh*u in W 1;pðOÞ. If p�42, then W 1;pðOÞ is a compact injection into L2ðOÞ.
Hence, uh ! u in L2ðOÞ. Thus, 1 ¼ kuhkL2ðOÞ ! kukL2ðOÞ. Hence, u 2 K and it follows that
X is closed in the weak topology of W 1;pðOÞ. &

In this section we establish the existence of a minimum point of the energy functional
EðuÞ in X. Let

Iðf; uÞ ¼
1

2

Z
O
jrfj2 dr�

Z
O
ðu2 þ bÞfdr; f 2 H1

0ðOÞ; u 2W 1;pðOÞ.

Hence,

JðuÞ ¼ � inf
f2H1

0ðOÞ
Iðf; uÞ.
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For every u 2 L4ðOÞ, Ið:; uÞ admits a minimum. This follows from Poincaré inequality and
Lax–Milgram Lemma. Therefore,

JðuÞ ¼ � min
f2H1

0ðOÞ
Iðf; uÞ.

Lemma 2. J is continuous in L4ðOÞ.

Proof. If fu denotes the minimizer of Ið:; uÞ, then for every u; v 2 L4ðOÞ, we have,Z
O
rðfu � fvÞ:rcdr ¼

Z
O
ðu2 � v2Þcdr 8c 2 H1

0ðOÞ.

Hence, from Poincaré and Cauchy–Schwartz inequality, it is immediate that,

kfu � fvkH1
0ðOÞ

pCku2 � v2kL2ðOÞ.

Continuity of J thus follows. &

Let us denote by hypothesis H, the condition, p�4maxfq; 4g.

Lemma 3. If the hypothesis H is satisfied, then E is lower semi-continuous (l.s.c) in the weak

topology of X.

Proof. We noted previously that F is continuous in W 1;pðOÞ. As F is convex, it follows that
F is l.s.c in the weak topology of W 1;pðOÞ (cf. e.g., Dal Maso, 1993, Proposition 1.18). If the
hypothesis H is satisfied, then W 1;pðOÞ is a compact injection into LqðOÞ and L4ðOÞ. G is
continuous in LqðOÞ, as noted previously, and from Lemma 2, J is continuous in L4ðOÞ.
Hence, it follows that, G and J are l.s.c and thus E is l.s.c in the weak topology of W 1;pðOÞ.
As X is a subset of W 1;pðOÞ, it follows that E is l.s.c in the weak topology of X. &

Lemma 4. E is coercive in the weak topology of X.

Proof. If we establish the coercivity of E in the weak topology of W 1;pðOÞ, the coercivity of
E in the weak topology of X follows from Lemma 1. We note that JðuÞX0. Hence,

EðuÞXc0kruk
p
LpðOÞ þ c2kuk

q
LqðOÞ � ða0 þ a2ÞO

Xc0kruk
p
LpðOÞ þ

c1

C
q
O
kuk

q
LpðOÞ � C ¼ KðuÞ as ppq.

If the function K is bounded, then kukW 1;pðOÞ is bounded. As W 1;pðOÞ is reflexive ð1opo1Þ,
it follows that K is coercive in the weak topology of W 1;pðOÞ. Hence, E is coercive in
the weak topology of W 1;pðOÞ and from Lemma 1, E is coercive in the weak topology
of X. &

Theorem 5. EðuÞ has a minimum in X.

Proof. It follows from Lemmas 3, 4 and Dal Maso (1993, Theorem 1.15). &

The orbital-free density functional under consideration falls into the class of functionals
being discussed with JðuÞ representing the classical electrostatic interaction energy. The
constraint on electron density is imposed explicitly through the space X. It is easy to check
that the energy functional satisfies conditions (i)–(iv) with p ¼ 2, q ¼ 10

3
. As O � R3, we

estimate p� ¼ 6. Hence, the hypothesis H is satisfied and all the results apply to the specific
energy functional.
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4. C-convergence of the finite-element approximation

Finite-element approximations to the solutions of the DFT variational problem are
obtained by restricting minimization to a sequence of increasing finite-dimensional
subspaces of X. Thus, let Th be a sequence of triangulations of O of decreasing mesh size,
and let X h be the corresponding sequence of subspaces of X consisting of functions whose
restriction to every cell in Th is a polynomial function of degree kX1. A standard result in
approximation theory (cf. e.g., Ciarlet, 2002) shows that the sequence ðX hÞ is dense in X,
i.e., for every u 2 X there is a sequence uh 2 X h such that uh ! u. Let, X 1h

¼ ffjf 2
H1

0ðOÞ; f is piece-wise polynomial function corresponding to triangulation Thg, denote a
sequence of constrained spaces of the space H1

0ðOÞ. The sequence of spaces, ðX 1h
Þ, is such

that [hX 1h
is dense in H1

0ðOÞ. We now define a sequence of finite-element energy
functionals

EhðuÞ ¼
F ðuÞ þ GðuÞ þ JhðuÞ if u 2 X h;

þ1 otherwise;

(

where

JhðuÞ ¼ � min
f2H1

0ðOÞ
Ihðf; uÞ

and

Ihðf; uÞ ¼
Iðf; uÞ if f 2 X 1h

; u 2 X h;

þ1 otherwise:

(

Then, we would like to establish convergence of the sequence of functionals Eh to E in a
sense such that the corresponding convergence of minimizers is guaranteed. This natural
notion of convergence of variational problems is provided by G-convergence (cf. e.g., Dal
Maso, 1993 for comprehensive treatises of the subject). In the remainder of this section, we
show the G-convergence of the finite-element approximation and attendant convergence of
the minima. We also extend the analysis of convergence to approximations obtained using
numerical quadrature.

To analyze the behavior of the sequence of functionals, Eh, it is important to understand
the behavior of Jh. We first note some properties of Jh before analyzing Eh.

Lemma 6. If uh ! u in L4ðOÞ, then for any fh*f in H1
0ðOÞ, lim infh!1 Iðfh; uhÞXIðf; uÞ.

Proof. Iðf; uÞ ¼ 1
2

R
O jrfj

2 dr�
R
O ðu

2 þ bÞfdr. L.s.c of
R
O jrfj

2 dr in the weak topology
of H1

0ðOÞ follows from Dal Maso (1993, Proposition 2.1). As uh ! u in L4ðOÞ, limh!1

R
O

ðu2
h þ bÞfh dr ¼

R
O ðu

2 þ bÞfdr. Putting both the terms together, we get, lim infh!1

Iðfh; uhÞXIðf; uÞ. &

Lemma 7. If uh ! u in L4ðOÞ, then ðIhð:; uhÞÞ is equi-coercive in the weak topology of H1
0ðOÞ.

Proof.

Iðf; uÞXCkfk2
H1

0ðOÞ
� ðku2kL2ðOÞ þ kbkL2ðOÞÞkfkL2ðOÞ. (22)






